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We investigate the properties of sparse matrix ensembles with particular regard for the spectral
ergodicity hypothesis, which claims the identity of ensemble and spectral averages of spectral correla-
tors. An apparent violation of the spectral ergodicity is observed. This effect is studied with the aid
of the normal modes of the random matrix spectrum, which describe fluctuations of the eigenvalues
around their average positions. This analysis reveals that spectral ergodicity is not broken, but that
different energy scales of the spectra are examined by the two averaging techniques. Normal modes
are shown to provide a useful complement to traditional spectral analysis with possible applications
to a wide range of physical systems.
PACS numbers: 05.45.Pq, 73.23.-b
I. INTRODUCTION
Random matrix theory (RMT) has shown itself to be useful in modeling a wide variety of physical systems [1,2].
Sparse random matrices, which are characterized by a considerable fraction of vanishing or negligible small matrix
elements, have attracted particular interest in recent years. Applications of sparse matrices can be found, for instance,
in disordered systems, quantum chaotic systems or many-body systems [2]. There are few analytical investigations
of sparse matrices, and these are often restricted to the subclass of random band matrices, i.e. matrices where the
off-diagonal elements vanish for a sufficiently large distance from the main diagonal. More general classes of sparse
matrices must be treated mainly by numerical methods.
In RMT, spectral quantities are usually calculated as averages over the matrix ensemble. Experimental data,
however, normally consists of only a single spectrum, and the corresponding quantities must therefore be calculated
as a running average over the energy. Comparison of experiment and theory is facilitated by the spectral ergodicity
hypothesis for matrix ensembles: An average over an ensemble of random matrices provides the same result as an
average over energies for a single element of this ensemble in the limit where the dimension of the matrices is large.
In the case of full (i.e. non-sparse) random matrices only, spectral ergodicity can be proved rigorously [2–4]. The
question of whether a given matrix ensemble obeys spectral ergodicity is not merely academic; it has a direct bearing
on the ability to compare experimental results with theoretical expectations.
In the context of disordered mesoscopic systems, the issue of ergodicity was first raised in Ref. [5]. Here the
ergodicity hypothesis states that averages over all realizations of the disorder potential yield the same values for an
observable as averages over an interval variable such as energy or an applied magnetic field. For such systems –
we think of a single electron in a crystal with random impurities – the Hamiltonian is modeled by a sparse random
matrix via a spatial discretization on a lattice. The disorder potential is then represented by an appropriate choice
of the matrix elements as random variables. The diagonal elements represent the on-site energies; the off-diagonal
elements represent the coupling between the sites. Assuming that only neighboring sites are coupled, one obtains a
Hamiltonian of sparse matrix form. One-dimensional systems, e.g. long and thin wires, are described by random band
matrices [6–9]. In higher dimensions, the inevitable presence of side bands renders analytical treatment difficult.
The question of the ergodicity of mesoscopic disordered systems is important for the extraction of the Thouless
energy from spectral data. The Thouless energy, Ec, is an intrinsic energy scale in disordered systems [10–12] which
is essentially the inverse of the time required for a particle to move diffusively through the sample as a consequence
of multiple scatterings by impurities. The Thouless energy is measured in terms of the mean level spacing, ∆, and
can be extracted from the fluctuations in the eigenvalue spectrum of the corresponding Hamiltonian. Here the mean
level spacing ∆ is the inverse of the spectral density, ρ, and is a function of energy. Furthermore, the Thouless energy
(in units of the mean level spacing) is the dimensionless conductance, g = Ec/∆, a parameter which is sufficient to
describe important qualitative features of disordered mesoscopic systems. For g ≫ 1 the system is a good conductor,
and the eigenfunctions are delocalized. Similarly, g ≪ 1 characterizes an insulator with localized eigenfunctions. A
transition between both regimes is observed for g ≈ 1. Moreover, spectral fluctuations for level spacings smaller than
Ec/∆ obey Wigner-Dyson statistics while for larger level spacings corrections to RMT behavior arise. The actual
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value of g depends on the degree of disorder and on the spatial dimension of the system. In theoretical investigations,
g is usually calculated from an ensemble average. In experiments, however, it must frequently be obtained from a
single sample, i.e. a single realization of the disorder potential. The ergodicity hypothesis requires that both values
of g are the same. Due to the observation that the size of sample-to-sample fluctuations is of the same order as the
fluctuations induced by changes in the energy or magnetic field [5], this hypothesis appears to be valid in such systems.
Since any particular sample has a definite conductance g, which can be measured independent of the existence of other
samples, the ergodicity hypothesis in disordered systems is tantamount to the statement that the Thouless energy
can be extracted from a single member of the ensemble.
An apparent counter-example to the spectral ergodicity hypothesis has been found in another class of systems.
Complex many-body systems such as atomic nuclei can be modeled in the framework of random-matrix theory by the
so called two-body random ensemble (TBRE) [13]. In this model, fermionic particles are coupled by a stochastic two-
body interaction and distributed over a set of single-particle states. The many-body Hamiltonian is then represented
by a matrix in the basis of the many-body states constructed as Slater determinants of the single-particle wave
functions. Due to conservation of total angular momentum, J , and total isospin, T , the matrix has block–diagonal
structure. More importantly, the two–body nature of interaction ensures that each block with given J and T is sparse.
Numerical results indicate that the TBRE is non-ergodic in the sense that spectral and ensemble averages do not
coincide [14,15]. One finds the results of spectral averaging in agreement with experiment [1].
A second counter-example to the spectral ergodicity hypothesis can be found in the spectral fluctuations of the
lattice QCD Dirac operator [16]. Again, recent developments suggest a connection to disordered systems. Using formal
analogies, it has been argued that there exists an equivalent of the Thouless energy in QCD [17–19]. This energy scale
can be associated with properties of the QCD vacuum related to the spontaneous breaking of chiral symmetry. This
resembles the situation in solid states physics where Ec is related to the ground state properties of the solid, i.e. g.
These expectations have been confirmed by numerical lattice gauge simulations [16,20]. Moreover, generalization of
the analytic treatments from solid state physics to include chiral symmetry permits a more rigorous derivation of the
analogies between disordered systems and QCD [21]. The essential result is that the spectral fluctuations of the QCD
Dirac operator exhibit RMT behavior up to a certain scale, the equivalent of a Thouless energy. Beyond this scale,
corrections to the universal statistics arise. The spectral data that is used to extract the Thouless energy from Dirac
spectra is obtained from an ensemble average over gauge field configurations. This is the most natural approach in
QCD, since the QCD partition function is defined as a path integral, i.e. an ensemble average. If spectral averaging
is performed nevertheless, an unexpected result is obtained. The energy scale seen in the ensemble average of the
spectral statistics disappears, and RMT fluctuations are observed to almost arbitrarily large scales [16]. This observed
violation of spectral ergodicity may not be disturbing given the intrinsic nature of ensemble averaging in QCD. It is
currently impossible to say whether this represents a fundamental difference between QCD and disordered systems or
whether it may be possible to find similar effects in disordered systems.
We have mentioned three examples of physical systems in which sparse matrix models apply. In disordered meso-
scopic systems the ergodicity hypothesis is an essential and apparently valid assumption. The two counter-examples
indicate that spectral ergodicity is not necessarily respected. In each of these cases, however, there are clear physical
arguments indicating which averaging procedure is appropriate. For the TBRE, the spectral average is natural since
one deals with spectra obtained from single nuclei. In lattice QCD, on the other hand, the ensemble average is intrinsic
to the system from its very construction. Nevertheless, it seems important to determine which spectral properties of
these systems are responsible for the difference between spectral and ensemble averaging and to understand whether
similar effects, disproving the ergodicity hypothesis, can also be found in disordered systems. One can also imagine
new classes of random matrix models which violate spectral ergodicity but for which physical arguments in favor of
a specific averaging procedure are not readily available. A better understanding of the mechanisms responsible for
the breakdown of ergodicity could prove to be essential in such systems. The three examples considered here are,
at first sight, extremely different in character. As noted, their most obvious common feature is the sparsity of the
matrix representations of their quantum mechanical Hamiltonian operators. Therefore, a detailed investigation of the
influence of sparsity on matrix models and on the possible breaking of ergodicity in them seems to be desirable.
Investigations of the TBRE have suggested that the differences between spectral and ensemble averages are related
to fluctuations of the average spectral density over the ensemble [15,22]. In this light, the problem is how to determine
the average spectral density. There is little ambiguity when constructing the ensemble average. By averaging over a
sufficiently large number of members of the ensemble, it is easy to determine the spectral density in an energy interval
of any given size. The only delicacy in this procedure lies in the size of the energy intervals chosen. We are interested
in constructing an average local spectral density in the thermodynamic limit of large matrices. In some cases, such
as the Gaussian ensembles, this double limit of vanishing interval and infinite particle number is unproblematic. This
is not necessarily the case. Concerning spectral averaging, it is necessary to adopt some kind of local smoothing.
Unfortunately, there is no rigorous and well defined procedure to accomplish this task, which is usually regarded as
an annoying and cumbersome technical detail. A primary aim of this paper is, however, to demonstrate that it is
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precisely the definition of smoothing which provides the key to understanding the apparent lack of ergodicity in some
systems.
In considering the effect of fluctuations on averaging procedures, it is essential to recognize that the fluctuations
in individual eigenvalues of a random matrix are not statistically independent. Indeed, it can be shown that the
statistically independent fluctuations involve the collective motion of literally all eigenvalues in the spectrum. The
statistically independent normal modes of the spectrum provide a suitable tool for describing this collective motion [23].
As we will show, the nature of these normal modes is extremely simple, and they can be regarded as plane waves with
a well defined wave length. These normal modes can be crudely divided into two classes. Short wave fluctuations
should provide information regarding universal spectral properties, and an appropriate averaging procedure should
retain their effects. On the other hand, long wave length modes describe model-dependent, non-universal physics
and should be eliminated by the averaging procedure. The art of averaging thus lies in establishing a physically
sensible division between short and long wave lengths. (In this sense, the challenge of constructing an appropriate
spectral average is quite similar to the task of defining an appropriate energy interval when performing ensemble
averages.) Once this division has been made, the question of the validity of the ergodic hypothesis can be answered
readily by considering the mean square amplitude of the normal modes as a function of wave length. In some cases,
these mean square amplitudes have a simple functional dependence on the wavelength, which applies with equal
validity to fluctuations of all wave lengths. This is the case for the familiar Gaussian ensembles of non-sparse random
matrices, where mean square amplitudes are linearly proportional to the wave length. In such cases, the details of
the spectral averaging process are irrelevant, and random matrix ergodicity is respected. In other cases, including
the case of sparse random matrices, the situation is more delicate. There we will encounter a qualitative difference
which, not surprisingly, suggests a clear distinction between the “softness” of long wave length fluctuations and the
relative “rigidity” of short wave length modes. Spectral averaging as commonly employed tends to be more efficient
than ensemble averaging in eliminating these soft long wave length fluctuations. The result of this argument will
provide a simple and natural explanation of the differences between ensemble and spectral averaging found in these
systems. Further, it will enable us to understand why the results of spectral averaging show greater consistency with
the familiar results of the non-sparse Gaussian ensembles. We shall finally see that the apparent breakdown of random
matrix ergodicity is, in fact, a false puzzle. If we ask the same physical question, the two averaging methods will
provide us with the same answer. If, as can be the case for sparse random matrices, ensemble and spectral averaging
probe different and conflicting aspects of the system, we should not be startled to obtain different results.
The paper is organized as follows. We introduce our matrix model in Sec. II. The relevant parameters of the model
are discussed in Sec. III, which is followed by a brief discussion of the spectral density as a function of these parameters
in Sec. IV. In Sec. V, we present a detailed analysis of the spectral correlations obtained from the ensemble average.
This includes short range as well as long range correlations. A critical scale is found in the spectral statistics, which
is interpreted in terms of a Thouless energy. The dependence of this scale on the parameters of the matrix model
is discussed. The findings from the ensemble average are contrasted with those obtained from spectral averaging in
Sec. VI. The spectral observables obtained from the two averaging procedures do not agree. Moreover, the results
from spectral averaging depend on how the local smoothing of the spectral density is performed. This difference is
qualitatively explained by the collective motion of the eigenvalues. Normal modes are thus introduced in Sec. VII to
provide a suitable mathematical description of this collective motion. They will provide us with a natural explanation
of the differences between the results of Sects. V and VI and help us to understand that there is no genuine violation
of random matrix ergodicity. We will offer a summary and conclusions in Sec. VIII.
II. SPARSE RANDOM MATRIX MODEL
We are interested in some generic features of systems such as disordered systems, TBRE, and lattice QCD, which
can all be described with sparse random matrices. Despite the physical differences in these systems, their spectral
properties show similar features. We will therefore concentrate on the influence of sparsity on the spectral properties.
We shall not attempt to model the fine structure of the TBRE or the multi-band structure of a d-dimensional
disordered system. We will not include the combinatorial correlations of the TBRE. We will certainly not attempt to
model the complicated structure of non-abelian lattice gauge theories.
Our matrix model consists of an ensemble of sparse real symmetric matrices. We introduce the sparsity α, which
is the fraction of the N(N − 1)/2 independent off-diagonal matrix elements, chosen to be non-vanishing. All diagonal
elements are kept non-zero. The non-vanishing matrix elements Hij are chosen independently and at random from a
Gaussian distribution with mean 0 and a variance which is for the diagonal elements
√
2σ and for the off-diagonal σ,
3
P (Hij) =
1√
2piσ2ij
exp
(
−H
2
ij
2σ2ij
)
, (1)
with σ2ij = 1 + δij . This ensures that GOE behavior is recovered in the limiting case α = 1.
Since we are not concerned with the effects of any particular configuration of the non-vanishing off-diagonal elements,
we choose their positions at random and independently for each matrix of the ensemble. We have, however, verified
that our results do not change if one instead maintains randomly chosen but fixed positions for the non-vanishing
elements.
III. EFFECTIVE DIMENSION
Our matrix model depends only on two parameters, the matrix size N and the sparsity α. While analytic treatment
is difficult for arbitrary α, it is possible to find a qualitative description of the dependence of spectral correlations on
the parameters of the model. In particular, comparison with the properties of disordered systems suggests that there
is only one relevant parameter, the effective dimension.
Consider a particle moving in a d-dimensional disordered medium [24]. Suppose the strength of the disorder is
chosen so that the motion of the particle is diffusive. It follows from the diffusion equation appropriate for the system
that the mean square distance, 〈x2〉, traversed by the particle in time t is proportional to t
〈x2〉 = 2dDt , (2)
where D is the diffusion constant. If the system is restricted to a finite volume V , the particle will have explored the
entire system for times larger than the diffusion time. For such times the probability of finding the particle at any
position x is everywhere equal. The diffusion time is given by
td =
V 2/d
2dD , (3)
which follows from Eq. (2) if the mean square distance equals the linear size of the system,
√
〈x2〉 = V 1/d. The
Thouless energy Ec is simply the inverse of the diffusion time Ec ∝ 1/td. This classical quantity can be observed
in the correlations of the eigenvalues of the quantum mechanical spectrum. Spectral correlations are commonly
examined on the scale of the mean level spacing ∆, which scales like ∆ ∝ 1/V . Combining the above arguments yields
a dimensionless critical energy, Lc, given by
Lc = Ec/∆ ∝ dDV 1−2/d . (4)
If the levels have a separation less than Lc, their correlations follow the predictions of random matrix theory. If their
separation is greater than Lc, corrections to these universal fluctuations arise.
For d < 2, states are localized for any strength of the disorder [25,26]. The arguments above cannot be applied
since the motion of the particle is not described by a diffusion equation, which is an essential assumption in arriving
at Eq. (2). For d > 2, states will be delocalized for sufficiently small disorder. In that case Eq. (4) is valid, and Lc
can be determined from the spectral statistics.
In order to establish a link to our matrix model, we think of a suitable discretized lattice version of the corresponding
Hamiltonian, H . In the diffusive regime, the above arguments are also valid for a lattice realization of the Hamiltonian.
One now expects to find a critical energy, Lc, which scales with the volume (now given by the matrix dimension N)
in a manner similar to Eq. (4). Thus, we expect that Lc(α,N) ∝ C(α,N)N1−2/d(α,N) for some C(α,N) and d(α,N).
For a given N and d, it is easy to estimate α. There are N(N − 1)/2 independent off-diagonal elements. For
each lattice there are d couplings to neighboring sites in one direction, one for each dimension. Thus, there are dN
non-vanishing matrix elements out of the total N(N − 1)/2. The sparsity is then
α(N, d) =
dN
N(N − 1)/2 =
2d
N − 1 . (5)
Solving for d, one obtains an effective dimension d(α,N) for any α and N .
However, the argument leading to Eq. (5) is qualitative, and several reservations should be mentioned. Firstly, the
coupling of sites need not be restricted to nearest neighbors, and this can lead to different factors dependent on the
number of couplings. Secondly, the above arguments are strictly valid only for cubic lattices; other lattice geometries
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could lead to additional factors. It remains nevertheless that the number of couplings grows like dN and the number
of matrix elements grows like N2 for large N . Thus, α should be proportional to d/N . We therefore introduce an
effective dimension defined as
deff = αN (6)
without additional constants. By construction, 0 ≤ α ≤ 1 and thus 0 ≤ deff ≤ N . The effective dimension can also be
understood as twice the average number of independent off-diagonal elements per row or per column. For sufficiently
large dimensions, spectral statistics should possess a certain scale Lc below which they follow RMT predictions and
above which stronger non-RMT fluctuations appear. Thus, we expect that Lc should have the form
Lc(N, deff) =


c(deff)N
η(deff ) deff > dc
0 deff < dc .
(7)
For deff < dc, the states should be localized. In this region, Lc ≪ 1, and the spectral statistics should be those of
a Poisson distribution. This is obviously true in the limit deff → 0, where the coupling between diagonal elements
vanishes. The eigenvalues of H are then the randomly distributed diagonal elements, which obey the Poisson spectral
statistics of an uncorrelated sequence of levels. In the opposite limit, deff > dc, states are expected to be delocalized.
Spectral statistics will have the Wigner-Dyson form up to Lc. In the extreme limit deff = N , Lc is equal to N since
this limit corresponds to the original GOE ensemble. At a certain value there has to be necessarily a transition
between the both limits. The exponent should obey
η(deff) = a− b/deff , (8)
where the constants a and b are independent of deff , α and N . Since experience does not indicate that spectral
properties are violently sensitive to the sparsity, we expect that these parameters will be related so that η(dc) ≈ 0.
Thus, we expect that
dc ≈ b/a . (9)
The constant c(deff) in Eq. (7) should depend only on the effective dimensionality of the system in the case of fixed
disorder strength. This can be understood from the definition of the diffusion constant as the second moment of the
probability density [24] in the infinite volume limit, which depends on the dimension and the degree of disorder. The
latter is kept fixed in our model.
IV. SPECTRAL DENSITY
For arbitrary sparsity, an analytic description of the spectral density of the matrix model is difficult [27,28]. In the
limiting cases deff = 0 and deff = N , elementary analytic expressions are readily available.
For deff = 0, the Hamiltonian matrix reduces to a diagonal matrix with independent, Gaussian distributed eigen-
values. From Eq. (1) one immediately obtains
lim
deff→0
ρ(E) =
N
2
√
pi
exp
(
−E
2
4
)
. (10)
Empirical corrections to the Gaussian shape for small but non-zero deff were calculated in Ref. [29]. On the other
hand, the matrix model for deff = N coincides with the standard Gaussian orthogonal ensemble. The spectral density
is then known to have a semi-circular shape [2,28],
lim
deff→N
ρ(E) =
1
2pi
√
4N − E2 . (11)
The spectral density interpolates smoothly between these limits as deff is varied. The spectral density is conventionally
normalized to the total number of eigenvalues,
∫
∞
−∞
dEρ(E) = N . Fig. 1 shows ρ(E)/N for fixed deff and varying N .
The ratio ρ(E)/N depends solely on deff . The overall shape evolves smoothly from an approximate semi-circle to an
approximate Gaussian. This is consistent with the findings from many-particle spectra [30].
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FIG. 1. The ensemble averaged spectral density, ρ(E)/N , for some deff and N .
Knowledge of the spectral density is crucial in the statistical analysis of spectra because spectral correlations must be
investigated on a scale set by the local mean level spacing, ∆, which is given by ∆(E) = 1/ρ(E). The transformation
ξ =
∫ E
−∞
dE′ρ(E′) (12)
leads to a dimensionless energy variable, ξ, which is the energy measured in terms of the mean level spacing. This
procedure is referred to as “unfolding”. The purpose of this unfolding is to eliminate model-dependent macroscopic
variations in the spectral density in order to reveal underlying universal spectral correlations.
The spectral density can be determined in two ways which differ in principle. The first is to calculate ∆ from an
ensemble average. The second is to smooth the actual spectral density by local averaging. The latter approach is the
conventional way of determining ∆ and has been applied to a variety of systems [2]. We will refer to this method as
self-unfolding or spectral unfolding. Obviously, when we have only a limited number of experimental samples at our
disposal, spectral unfolding is the only approach available. While the spectral densities obtained with these methods
are superficially similar, this can be misleading. In TBRE [15] and lattice QCD [16], these two spectral densities lead
to very different results. Ensemble unfolded spectra show a critical scale beyond which spectral fluctuations are no
longer described by RMT. By contrast, self-unfolded spectra show fluctuations which are in excellent agreement with
RMT expectations on all energy scales.
It is important to emphasize that these observed differences are due to the way in which the spectra are unfolded
and not to the way in which spectral correlations within the ensemble of unfolded spectra are calculated. This fact is
frequently ignored and contradicts the common view that unfolding is a purely technical procedure with no physical
content. We will discuss this point at some length.
In the following, we denote ensemble averages by a bar, (. . .). Spectral averaged quantities will be denoted by 〈. . .〉.
V. SPECTRAL OBSERVABLES FROM ENSEMBLE UNFOLDING
In this Section, we investigate several spectral observables using ensemble unfolding. We will concentrate on the
dependence of these observables on the effective dimension, deff . In Sec. VA, we study the transition from Poisson
to Wigner statistics exhibited by our matrix model in terms of the nearest neighbor spacing distribution. Long range
spectral correlations and the functional dependence of the Thouless energy on N and deff are investigated in Sec. VB.
A. Short range correlations
The nearest neighbor spacing distribution, P (s), is the probability density of finding two adjacent levels at a distance
s = ξi+1− ξi. For a sequence of uncorrelated levels, i.e. the Poisson case, this distribution is simply PP(s) = exp(−s).
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In the case of random matrices, the nearest neighbor distribution is well approximated by the Wigner surmise, which
reads PWD(s) = pis exp(−pis2/4)/2 for real symmetric matrices.
Fig. 2 shows the nearest neighbor distribution for fixed N and varying deff . When deff > 4, the data is described
well by the Wigner surmise. A transition between Wigner and Poisson forms is seen in the vicinity of deff = 2.
In the limit of low effective dimension, P (s) is accurately described by Poisson statistics. This is in agreement
with theoretical considerations [27], which suggest that there should be a transition when the average number of
independent non-vanishing off-diagonal elements is of order one per row.
0 1 2 3 4
s
0
1
P(
s)
Wigner−Dyson
Poisson
FIG. 2. The nearest neighbor spacing distribution, P (s), for different deff averaged over an ensemble of 1000 matrices of size
N = 1000. The dashed lines correspond to Poisson and Wigner-Dyson behavior. The solid lines correspond to deff = 1, 3, 5
and show an evolution from Poisson, deff = 1, to almost Wigner-Dyson behavior, deff = 5.
In order to obtain a more quantitative analysis of the transition of P (s) observed in Fig. 2, we evaluate the integral
of the tail of P (s), A =
∫
∞
s0
P (s)ds [31], which is free from binning effects, for various values of deff . Here s0 ≈ 2.002
is the value at which the curves of Poisson and Wigner form cross. We the Wigner-Dyson and Poisson values as AWD
and AP, respectively. The parameter
γ(deff) =
A(deff)−AWD
AP −AWD (13)
then gives us a quantitative description of the statistics of the spectra with values 0 ≤ γ ≤ 1. The transition is smooth
for all finite matrix sizes but becomes sharper as N increases. A comparison of γ(deff) for different sizes of the system
reveals that all curves cross at the same value for the effective dimension where the size effect changes its sign [31].
In Fig. 3, we plot γ(deff) as a function of the effective dimension for three different values of N . The transition from
Poisson to Wigner–Dyson spectral fluctuations is evident. The three curves saturate at the expected values γ = 1
for small values of deff and γ = 0 at large deff . As expected, the transition becomes sharper as N increases. It is
also clear from the figure that all curves cross at deff ≈ 2. This suggests the existence of a critical dimension for the
transition between Poisson and Wigner type fluctuations at deff ≈ 2.
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FIG. 3. γ(deff) for three different sizes N of the system: N = 200 (circles), N = 500 (squares) and N = 1000 (diamonds).
The dotted line indicates the critical dimension deff = 2 at which the three curves cross. The statistical error is of the order of
the symbol size.
B. Long range correlations
The correlator P (s) and the related parameter γ indicate that there is a qualitative change in the short-range
spectral fluctuations in the vicinity of deff = 2. In this Section, we will extend this analysis to long-range fluctuations,
i.e. to scales which are significantly larger than the mean level spacing. We do this by studying the number variance.
All results in this Section have been obtained from the fluctuations of the ensemble unfolded eigenvalues. A similar
analysis of the self-unfolded eigenvalues and the significant changes in the properties of long-range fluctuations found
there will be discussed in Sec. VI.
The number variance measures fluctuations in the total number of levels found in an energy interval [L0−L/2, L0+
L/2]. In this Section L =
∫ E
−∞
dE′ρ(E′) is the ensemble unfolded energy. The definition of the unfolding process
ensures that the average number of levels in this interval is L independent of L0. The number variance is then given
by
Σ
2
L0(L) = (nL0(L)− nL0(L))2 . (14)
The most conservative way to calculate observables such as the number variance is to perform the ensemble average
with fixed energy, L0. We have, however, verified that our results are independent of L0 provided that we avoid the
edges of the spectrum. This property, familiar from the Gaussian random matrix ensembles, is called translational
invariance. Numerical investigation shows that translational invariance is quantitatively reliable except for some
10% of the total number of eigenvalues in the vicinity of each of the edges. We will restrict our attention to the
translationally invariant bulk of the spectra. Given translational invariance, we will omit the subscript L0 in the
following.
A sequence of uncorrelated levels, the Poisson case, gives rise to a strictly linear number variance, Σ2(L)Poisson = L.
By contrast, random matrices have much stronger correlations, and the number variance grows only logarithmically
for large L. The asymptotic form for the GOE result for L≫ 1 is given by Σ2(L)GOE = 2/pi2[ln(2piL)+γ+1−pi2/8],
where γ is Euler’s constant [2].
Fig. 4 shows the number variance as a function of deff . The matrix dimension is fixed at N = 1000. The number
variance is calculated from the central interval [−L/2, L/2] averaged over the ensemble. No spectral averaging is
performed. Note that the same ensemble of matrices was used for the calculation of the number variance at each
value of L. This inevitably results in strongly correlated statistical uncertainties, which are clearly visible in the
figure. Above the critical dimension, dc ≈ 2, the number variance is described by GOE statistics up to a certain
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scale Lc(N, deff). For L > Lc(N, deff), fluctuations become stronger and can no longer be described by the GOE.
This can be seen in the upper row of Fig. 4. The critical scale Lc(N, deff) decreases as deff approaches dc from above.
The change in the spectral statistics as one crosses dc is clearly visible in the lower row of Fig. 4. Well below dc,
fluctuations show the purely linear behavior of the Poisson distribution. This is similar to the transition seen in the
nearest neighbor spacing distribution of Fig. 2. The critical scale Lc(N, deff) is of order one in the vicinity of deff ≈ 2
and gives rise to the intermediate statistics seen in the nearest neighbor spacing distribution.
The scale Lc(N, deff) is not uniquely defined. We elected to use the following definition:
|Σ2(L,N, deff)data − Σ2(L)GOE|
Σ2(L)GOE
> ε for L > L(ε)c (N, deff) . (15)
The precise value of L
(ε)
c (N, deff) depends on the choice of ε. Moreover, this definition leads to a non-zero value of
L
(ε)
c (N, deff) whenever ε > 0 — even when the data obeys Poisson statistics. The minimal value of L
(ε)
c (N, 0) in that
case follows from the solution of Eq. (15) with Σ2(L,N, deff)data = L, from which follows that
L
(ε)
c (N, 0)
Σ2(L
(ε)
c (N, 0))GOE
= 1 + ε . (16)
Using the analytic form of the GOE number variance for small ε, it is easy to show that the solution to Eq. (16)
for a pure Poisson distribution is L
(ε)
c (N, 0) = ε for small ε. Thus, the observation of L
(ε)
c (N, deff) ≤ ε implies that
Lc(N, deff) = 0.
The qualitative arguments in Sec. III suggest that Lc should have a power-law dependence on N for deff > dc. Both
the exponent and the effective diffusion coefficient should depend only on deff . Thus, we calculate L
(ε)
c (N, deff) for
various N and fixed deff . Some examples are shown in Fig. 5. They indicate a clear power-law dependence on N . The
value of L
(ε)
c (N, deff) is seen to decrease with decreasing deff .
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FIG. 4. The number variance in the central interval [−L/2, L/2] for various values of deff . The matrix size is fixed at
N = 1000. The solid lines represent GOE and Poisson results. Note that different scales are used in the two rows.
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FIG. 5. The critical scale, L
(ε)
c (N, deff), as a function of N for fixed deff and ε = 0.1. Changes in ε affect the overall scale on
the Lc-axis, but do not alter the power-law behavior. The dotted line corresponds to the Poisson value.
The slope in Fig. 5 is simply the scaling exponent, η(deff), introduced in Eqs. (7) and (8). It can be extracted from
the data by a linear fit. The scaling exponent as a function of the effective dimension is shown in Fig. 6 as a function
of ε. The error bars represent the variance of the linear fit. The exponent η(deff) drops to zero at about deff = 2
in agreement with our expectations. For deff < 2, the spectral statistics are of Poisson form, and L
(ε)
c (N, deff) ≈ ε
independent of N as suggested by Eq. (16). In contrast to η(deff), the diffusion coefficient in Eq. (7), now denoted as
c(ε)(deff), does depend on ε. In the Poisson regime, the original definition of the diffusion coefficient requires c(0) = 0.
However, given the construction Eq. (15), the diffusion coefficient is non-zero even for deff < dc. In the limit deff = 0,
we have η(0) = 0 and therefore c(ε)(0) = L
(ε)
c (N, 0). We thus normalize the diffusion coefficient obtained from the
linear fit with c(ε)(0). The numerical results are shown in Fig. 7. The normalized diffusion coefficient is found to be
remarkably insensitive to ε. Thus, we conclude from our matrix model that
L
(ε)
c (N, deff)
L
(ε)
c (N, 0)
= C(deff)N
η(deff ) deff > dc . (17)
The right hand side of this equation is independent of ε, which only influences the overall scale. The scaling exponent
η(deff) and the normalized diffusion coefficient C(deff) = c
(ε)(deff)/c
(ε)(0) depend only on the effective dimension.
Below the critical dimension we have η(deff < dc) = 0. Above the critical dimension, the suggested functional
dependence, Eq. (8), is η(deff > dc) = a − b/deff . From the analysis of the short range correlators, we have dc = 2,
which suggests that a = b/2. Performing a one parameter fit to the data for deff > 2, we actually find a = 0.51± 0.05.
The function η(deff) = 1/2− 1/deff is also shown in Fig. 6 and is seen to be in reasonable agreement with the data.
10
0 2 4 6 8 10
deff
0.0
0.2
0.4
0.6
η(d
ef
f) 
ε=0.05
ε=0.10
ε=0.20
FIG. 6. The scaling exponent, η(deff). The critical dimension is dc = 2. The dashed line corresponds to η(deff) = 0 and the
solid line to η(deff) = 1/2− 1/deff . There is a transition between the former and the latter at deff ≈ 2.
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FIG. 7. Normalized diffusion coefficient C(deff) = c
(ε)(deff)/c
(ε)(0). The dashed line indicates the Poisson value, C(0) = 1.
VI. SPECTRAL OBSERVABLES FROM SELF-UNFOLDING
We now perform an analysis similar to that of the previous section in which ensemble unfolding is replaced by
self-unfolding L =
∫ E
−∞
dE′〈ρ(E′)〉. Here, 〈ρ(E)〉 is the spectral density obtained from the local smoothing of each
member of the ensemble. The number variance is, in analogy to Eq. (14), constructed as
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〈Σ2(L)〉 = 〈Σ2L0(L)〉 = 〈(nL0 − 〈nL0〉)2〉 . (18)
The average is performed over various intervals [L0−L/2, L0+L/2] with fixed interval length, in one spectrum. The
final number variance is then obtained as an average over the entire ensemble of matrices. We note that we have
employed precisely the same data set in performing ensemble and spectral unfolding calculations. Thus, the resulting
differences provide a fair measure of differences in the unfolding procedure.
The smoothed spectral density 〈ρ(E)〉 is not uniquely defined, and one can think of many methods of equal a priori
merit to obtain it. In our case, we have chosen polynomial unfolding. We unfold with a polynomial of fifth order.
The order is kept fixed throughout the analysis. Given this unfolding method, an additional parameter must be fixed,
namely the length Lfit of the interval in which we unfold or, equivalently, the fraction Lfit/N .
In choosing Lfit/N , one must be aware of the massive finite sample size effects that can be encountered. In a sample
of N levels, the number variance vanishes trivially for L = N . The onset of this effect, however, can already be seen at
intervals of length L≪ N . Numerically studies suggest that interval lengths of N/10 or less are required for the GOE
in order to avoid finite size effects, which cause the number variance to decrease beyond a certain L. By unfolding in
a finite interval, Lfit, the number of eigenvalues is rather Lfit than N . Unwanted finite size effects can be observed if
Lfit is chosen too small. Such effects are trivial and do not imply a violation of spectral ergodicity.
Keeping finite size effects in mind, we proceed to investigate the effect of Lfit on the spectral statistics. Fig. 8
shows the number variance for fixed N = 1000 and deff = 10 as a function of Lfit. For large intervals, Lfit = 0.9N ,
the number variance is similar to that obtained from ensemble unfolding. Fluctuations are of Wigner-Dyson form
for L <∼ 10 and then become stronger. As Lfit is reduced from 0.9N to roughly 0.3N , the onset of the discrepancy
between the empirical results and the Wigner-Dyson is displaced to larger values of L. This is clear from the plot for
Lfit/N = 0.3 shown in Fig. 8. Note, however, the appearance of a saturation of the fluctuations below the GOE for
large values of L. This saturation is even more pronounced for Lfit/N = 0.1. The fluctuations in the case Lfit/N = 0.1
for L > 10 are clearly distorted by finite size effects. However, the observation remains that deviations from the GOE
are reduced when the length of the fitting interval is reduced moderately. The dramatic differences between the
number variance shown here and in the preceding sections are due strictly to differences in the unfolding procedures.
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FIG. 8. The number variance from self-unfolding for deff = 10 and N = 1000. Results are shown for different values of Lfit,
given as a fraction of the total number of eigenvalues, N .
A qualitative explanation of the results of Fig. 8 can be obtained as follows. Fig. 9 shows the difference between
the fitted (i.e. smoothed) and integrated spectral densities as a function of the unfolding interval for a single matrix.
Standard GOE results are also shown. While fluctuations are obviously present, there is also evidence of strong
correlations on all energy scales. Correlations are also clearly present in the GOE results. The structure seen on a
macroscopic scale is unwanted. It is in no sense universal and changes markedly from matrix to matrix. The goal
of unfolding is thus to remove this non-universal macroscopic structure while preserving the universal microscopic
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structure of interest. This is evidently a delicate task. If Lfit/N is too large, as for Lfit/N = 0.9, a fixed-order
polynomial fit is incapable of removing all macroscopic structure. The remaining structure will lead to a number
variance larger than that of the GOE. If Lfit/N is too small, as for Lfit/N = 0.3, unfolding will begin to eliminate
the genuine correlations which we would like to investigate. The resulting number variance will then be smaller than
that of the GOE. Evidently, there should be some choice of Lfit/N such that the number variance of the GOE is
reproduced essentially exactly.
Although the results of Fig. 9 are related to the Thouless energy, they do not provide us with a useful tool for
its extraction. They do provide a qualitative explanation of the differences arising from the different unfolding
approaches. Ensemble unfolding naturally includes the effects of fluctuations on all scales and will tend to maximize
the disagreement with RMT. By contrast, self-unfolding removes long wave length correlations and gives results for
the number variance which are in better agreement with random matrix theory. Given its extreme sensitivity to the
unfolding procedure, the number variance cannot be offered as evidence for the violation of spectral ergodicity. The
safest conclusion is that the choice of unfolding procedure has important consequences and must be made on the basis
of physical considerations.
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FIG. 9. The difference between smoothed and actual integrated spectral densities for a single matrix with deff = 10 and
N = 1000. Results are shown for Lfit equal to 0.9N , 0.5N , and 0.3N . The corresponding GOE result is also shown. Note the
different scale on the energy axis for the GOE case.
VII. NORMAL MODE ANALYSIS
We have seen in the previous sections that ensemble and spectral unfolding do not necessarily lead to the same
answers. Moreover, the results of the latter depend on the way in which smoothing of the spectral density is performed.
The differences can be understood from the collective motion of large numbers of eigenvalues. The GOE spectrum
is remarkably rigid with regard to correlated fluctuations of all wave lengths. While the spectra of sparse random
matrices show a similar stiffness to short wave length fluctuations, they are far more susceptible to long wave length
fluctuations. The process of self-unfolding involves the elimination of precisely these long wave length modes. Once
they have been eliminated, the unfolded spectrum which remains displays a rigidity much closer to that of the GOE.
Initial investigations along this line were carried out by French, who associated apparent non-ergodic behavior with
the collective motion of eigenvalues. He also found a semi-empirical formula which connects ensemble and spectral
averaged number variance [1,22]. These findings were recently revisited in Ref. [15].
For our purposes, it is most convenient to consider the set of “normal modes” describing the statistically independent
fluctuations of the eigenvalues of a random matrix about their ensemble averaged locations. They provide a complete
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set of functions suitable for the describing of collective spectral motion [23]. We briefly outline relevant considerations
of Ref. [23]. The average positions of the eigenvalues on the unfolded scale is, by construction,
xi = i . (19)
The correlation matrix
Dij = xixj − xi · xj , (20)
provides a measure of the fluctuations of the eigenvalues around their average position. Evidently, the matrix D is
only easy to define from an ensemble average. Since D is a Hermitian matrix, it has N real eigenvalues, ωk, obtained
from
Dijψ
(k)
j = ωkψ
(k)
i , (21)
with corresponding eigenfunctions ψ
(k)
i . The eigenvalues ωk measure the mean square amplitude of the corresponding
fluctuation and are, of course, quite distinct from the eigenvalues, xi, of the random matrix itself. By definition, the
ψ
(k)
i are statistically independent. The actual positions of the eigenvalues of any given matrix in the ensemble can
always be written as the sum of their average positions and their fluctuations, δxi, around them. The fluctuations
can be expanded in terms of the eigenfunctions of D, which gives
xi = xi + δxi
= i+
N∑
k=1
ckψ
(k)
i , (22)
with some coefficients ck. Given the completeness of the ψ
(k)
i , there is a unique correspondence between the xi and
the ck for any given matrix. It is clear that ck = 0. Hence, we can express the ensemble number variance Eq. (14) as
Σ
2
L0(L) = (xL0+L/2 − xL0−L/2)2 − L2
≈
N∑
k=1
ωk
(
ψ
(k)
L0+L/2
− ψ(k)L0−L/2
)2
, (23)
where we have made use of the fact that
ckck′ = ωkδkk′ . (24)
We have made a large N approximation in obtaining the second form in Eq. (23) and have assumed that the normal
modes, ψ
(k)
i are smooth functions of i/N . These approximations lead to acceptable errors of size 1/N in Σ
2
L0(L).
For the Poisson case with a uniform distribution in the interval [0 : N + 1], Eq. (21) can be solved exactly using
the methods introduced in Ref. [23] 1. The eigenvalues are
ωk =
N + 1
4(N + 2) sin2 (pik/2(N + 1))
(25)
and the corresponding normal modes are
ψ
(k)
i =
√
2
N + 1
sin
(
piki
N + 1
)
. (26)
For the GOE, it is convenient to adopt a slightly different approach. Instead of constructing the matrix D of
Eq. (21), it is easier to start from the matrix
1This differs slightly from Ref. [23], where Eq. (21) was solved with the Poisson joint probability density of the eigenvalues as
the starting point.
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Cij =
∂2
∂xi∂xj
logPN (x1, . . . , xN ) , (27)
where PN (x1, . . . , xN ) is the joint probability distribution of the eigenvalues. The C-matrix describes the fluctuations
of the eigenvalues around their average positions. The corresponding eigenvalue equation of C can be solved exactly.
The matrices C and D are closely related. To the extent that the small amplitude approximation is valid, the
eigenfunctions of the matrices C and D are identical; the corresponding eigenvalues are simply reciprocals. Thus,
although C and D are qualitatively similar, they do not necessarily lead to identical answers. The eigenvalues of C
for the GOE are thus given by
ωk =
N
2
√
2pik
, (28)
which is slightly different from the corresponding result in Ref. [23] due to our use of a different mean level spacing
at E = 0. Taking constant factors into account, the normal modes of the GOE eigenvalues are given in the large N
limit by
ψ
(k)
i =
√
2
N
Uk−1
(
pi(i−N/2)
N
)
, (29)
where Un(x) are the Chebyshev polynomials of the second kind.
With these explicit expressions, the qualitative interpretation of the normal modes becomes obvious. The form
of the eigenfunctions suggests that we can roughly associate a wave length, ∼ 1/k, with each normal mode. The
normal modes then appear as compressional waves in the spectra. In each case, the mode of longest wave length (i.e.
with k = 1) involves all eigenvalues moving in the same direction. The eigenvalues, ωk, measure the mean square
amplitude of the fluctuations of the various normal modes. It is clear from Eq. (23) that the largest contributions to
the number variance will come from modes with the largest mean square amplitude. In the case of the GOE, this mean
square amplitude is strictly proportional to 1/k and provides striking confirmation of the “rigidity” associated with
the spectra of the Gaussian ensembles. It is precisely this feature of the spectrum of normal modes which gives rise to
the logarithmic asymptotic behavior of the number variance. By contrast, the long wave length normal modes of the
Poisson distribution indicate ωk ≈ N2/pi2k2. Eq. (23) now makes it clear that this softness of long wave length modes
is directly responsible for the linear asymptotic behavior of the number variance. In short, information regarding the
fluctuations of eigenvalues about their average positions as described by the normal modes provides a compact source
of information regarding longer range spectral fluctuations.
We now turn to the numerical solution of Eq. (21) with our present data and a comparison with the theoretical
predictions. Fig. 10 shows the resulting dispersion relations for both the GOE and Poisson cases. In each case, the
lowest 100 modes are shown for several matrix sizes. The agreement between theory and numerical data is quite
impressive. In the case of the GOE, deviations from the analytical predictions for small matrix dimensions are due
to the limitations of the Gaussian approximation.
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FIG. 10. The dispersion relations of the soft normal modes from ensembles of 1000 matrices for the Poisson, deff = 0, and
GOE, deff = N cases. The solid lines show the theoretical dispersion relations. From bottom to top, the data describe N = 100,
400, 700 and 1000.
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FIG. 11. Eigenfunctions ψ
(k)
i
for selected low-lying modes with N = 100 for Poisson (left) and GOE (right). The points
correspond to the data. The solid lines represent Poisson results, Eq. (26). The dashed lines represent GOE results, Eq. (29).
The straight dotted line indicates zero amplitude.
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The corresponding eigenfunctions of some of the soft modes are shown in Fig. 11. We have chosen to show the
smallest matrix size of our sets, N = 100. Qualitative behavior is not altered by a change of matrix size; only axis
scales are different. Although the dispersion relations for GOE and Poisson, Fig. 10, are strikingly different and well
described by the theoretical predictions, the normal modes nevertheless follow the Poisson sine waves, Eq. (26). This
is also consistent with theoretical expectations. With increasing wave number, k, the two theoretical curves coincide
near the center of the spectrum. This becomes clear from the explicit expression for the Chebyshev polynomials in
terms of trigonometric functions:
Uk−1(cos θ) =
sin kθ
sin θ
, (30)
with cos θ = pi(i −N/2)/N . In the center of the spectrum (i.e. for i−N/2≪ N) and for harder modes (i.e. k ≫ 1),
Eq. (29) reduces to Eq. (26). The disagreement between GOE and data is due to the limitations of the Gaussian
approximation. This approximation is only capable of describing small amplitude fluctuations. As a result, the
large amplitude motion associated with the soft, long wave length mode is not described quantitatively with this
approximation. This limitation will not influence our analysis significantly. The determination of the asymptotic
form of the number variance requires that we first take the limit N →∞ and then take the limit L→∞. If L0 = 0,
this requires knowledge of the normal modes in the middle of the spectrum, where the agreement between data and
theoretical expectations is satisfactory.
Figs. 12 and 13 show the dispersion relations and wave functions of the normal modes for some intermediate cases,
0 < deff ≪ N . The wave functions for the normal modes are again reasonably well described by plane waves, and
it thus makes sense to interpret the eigenvalue number, k, as a wave number. The resulting dispersion relations are
clearly no longer scale invariant. The character of the spectrum changes qualitatively from a long wave length 1/k2
behavior, as seen above in the Poisson distribution, to the short wave length 1/k behavior previously encountered
in the GOE. The nature of the spectrum changes abruptly at a critical wave number, kc. Numerical investigations
suggest, for example, that kc scales with
√
N for deff ≈ 10. Thus, the soft modes with k < kc represent a vanishing
fraction of the normal mode spectrum in the thermodynamic limit. The precise value of kc depends sensitively on the
value of deff considered.
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FIG. 12. The dispersion relation of the soft normal modes for various values of deff as calculated from an ensemble of 1000
matrices of dimension N = 1000. The upper solid line corresponds to the pure Poisson case; the lower solid line corresponds
to the pure GOE.
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FIG. 13. Same as Fig. 11 but for the cases deff = 2 (left) and deff = 10 (right).
These results lead immediately to the important observation that the eigenfunctions of D for arbitrary deff are
reasonably well described by the sine waves of Eq. (26) independent of whether the spectral statistics are pure GOE,
pure Poisson, or a scale-dependent mixture of the two. As noted, the eigenvalues, ωk, depend sensitively on the
statistics chosen (i.e. on deff). It is therefore reasonable to approximate the number variance at L0 = 0, according to
Eq. (23), as
Σ
2
(L) ≈ 4
N
N∑
k=1
ωk sin
2
(
piLk
2N
)
. (31)
In this form, we see that the number variance is largely determined by the dispersion relation of the eigenvalues ωk.
In particular, the large L behavior is dominantly set by the softest normal modes.
The normal mode spectra and Eq. (31) can now provide us with a simple explanation of the differences between the
number variance obtained from ensemble and spectral unfolding in the case of matrices with sparsity 0 < deff ≪ N .
Let us first consider the case of ensemble unfolding. First, consider L to be of order 1. The contribution of long wave
length modes, for which ωk ∼ 1/k2, is suppressed by the factor k2 coming from the sine term. The contribution from
short wave length modes (i.e. k of order N), for which ωk ∼ 1/k, persists and builds the logarithmic behavior of the
number variance familiar from the GOE. As L increases, the long wave length modes are no longer suppressed. Their
1/k2 contributions now build up the linear divergence of the number variance familiar from the Poisson distribution.
The resulting qualitative behavior is precisely that shown in Fig. 4.
In Fig. 14, we give some examples of the number variance obtained from evaluating the sum Eq. (31). We consider
the GOE, Poisson, and two specific toy dispersion relations motivated by the results of our sparse matrix model.
The first of these is intended to mimic the results of ensemble unfolding. We construct a dispersion relation which
interpolates between GOE and Poisson forms, i.e.
ωk =
{
ω
(Poisson)
k /kc k ≤ kc
ω
(GOE)
k k > kc
, (32)
where ω
(Poisson)
k and ω
(GOE)
k are given by Eqs. (25) and (28), respectively. The choice kc =
√
N leads to a nearly
continuous dispersion relation and a surprisingly faithful reproduction of the dispersion relation shown in Fig. 12 for
the case deff = 10. The resulting number variance is in striking agreement with the ensemble average results shown
in Fig. 4.
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The second toy dispersion relation is intended to demonstrate the striking sensitivity of the number variance to the
treatment of the very softest normal modes through the introduction of a simple cutoff
ωk =
{
0 k ≤ k0
ω
(GOE)
k k > k0
. (33)
It is evident from Eq. (31) that every normal mode makes a positive contribution to Σ
2
(L). The elimination of soft
modes resulting from the use of Eq. (33) will necessarily lead to a number variance everywhere smaller than the GOE
result. Even the modest choice of k0 = 10 for N = 1000 shown in Fig. (14) is sufficient to cause the number variance
to saturate and decrease for sufficiently large L.
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FIG. 14. Number variance calculated from the sum in Eq. (31) with N = 1000. The different dispersion relations ωk are
Eq. (25) (Poisson), Eq. (28) (GOE), Eq. (32) with kc =
√
N (mixed), and Eq. (33) with k0 = 10 (cutoff).
These simple examples lead us towards a better understanding of the results of self-unfolding. As we have seen, it is
necessary to eliminate non-universal, long wave length fluctuations in the spectrum (i.e. unfold the spectrum) if we are
to be able to make sensible comparisons of spectral fluctuations in macroscopically distinct regions of the spectrum.
Let us now consider unfolding from the point of view of Eq. (22). The eigenvalues from any given realization of a
random matrix uniquely determine the expansion coefficients, ck, in the complete set of normal modes. Self-unfolding
then corresponds to imposing a smooth cutoff on these coefficients to eliminate the contribution of normal modes with
small k. In other words, one replaces ck by G(k)ck where G(k) → 0 as k → 0. Obviously, the scale on which G(k)
vanishes must be set by physical arguments. If desired, of course, one can invert Eq. (22) and obtain the resulting
unfolded eigenvalues. Qualitatively, one can proceed directly to the evaluation of the number variance through the
approximate Eq. (31). Using Eq. (24), it is clear that the primary effect of the unfolding just described is to replace
the terms ωk by ωkG
2(k). This has the effect of greatly reducing the contribution of long wave length modes to the
number variance. However, these are precisely the modes which are responsible for the large L form of the number
variance.
There are now several possibilities. If the normal mode spectrum is scale invariant, the suppression of long wave
length modes implied by unfolding will have little consequence. The number variance will have the same qualitative
behavior independent of the unfolding method adopted. This is the case for both the Poisson distribution and the
GOE. The situation is quite different for sparse randommatrices where the normal mode spectrum displays a transition
from Poisson to Gaussian form on a scale kc ∼
√
N . The number variance obtained from ensemble unfolding will show
deviations from random matrix theory. If the scale of G(k) implicit in self-unfolding is sufficiently large to eliminate
the contributions of soft normal modes, we will obtain the logarithmic behavior of the Gaussian ensembles. While
such disagreement has been viewed as a breaking of spectral ergodicity, this is not the case. Rather, ensemble and
spectral unfolding explore the same normal mode spectra at different scales. If different questions are asked in the
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two cases, we should not be surprised to get different answers. Although it is conventional to view self-unfolding as
the more ambiguous procedure, it is also possible to restore agreement between the two methods by modifying the
ensemble unfolding procedure. Specifically, this could be accomplished by increasing the bin size used in Eq. (12) so
that each bin included roughly
√
N levels.
The effect of polynomial self-unfolding on the normal modes can be seen in Fig. 15. Here, we construct the matrix
D according to Eq. (20) using the self-unfolded eigenvalues. The normal modes in Fig. 15 are obtained from the same
data used in constructing Fig. 12. The effects are quite dramatic but entirely predictable. The purpose of unfolding
is to eliminate or greatly reduce the mean square amplitude of long wave length normal modes (i.e. reduce ωk for
small k.) This figure reveals that the softest modes are lowered by one order of magnitude for an unfolding interval of
length Lfit = 0.9N . For Lfit of 0.4N to 0.5N , the relation dispersion is remarkably similar to that of the GOE, which
is consistent with our results for Σ2. For even smaller intervals, the dispersion relation falls below the GOE and gives
rise to the saturation effects seen in Fig. 8. It is clear that the effective cutoff, G(k) can be determined immediately
as the ratio of the results of Fig. 15 to those of Fig. 12.
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FIG. 15. Normal mode spectrum after self-unfolding for N = 1000 and deff = 10, cf. Fig. 8. The solid line corresponds to
GOE and the dashed line to the ensemble unfolded result.
VIII. SUMMARY AND CONCLUSIONS
We have presented a detailed analysis of the spectral properties of sparse random matrix ensembles with particular
emphasis on the spectral ergodicity hypothesis and the effects of sparsity on spectral statistics. In addition, we have
presented the first numerical investigation of a normal mode spectrum in random matrix ensembles. The question of
spectral ergodicity is of direct relevance for a variety of physical systems. The existence of apparent counter examples,
such as lattice QCD and many-body systems with two-body interactions, suggests that this hypothesis is not always
fulfilled. The correct averaging procedure seems clear in these two cases. In lattice QCD, the ensemble average is
the relevant procedure by construction. Spectral averaging seems physically meaningless, and differences between
the approaches have not been regarded as surprising. On the other hand, the spectral averaging is evidently more
appropriate for the TBRE, since we are interested in an “average nuclear spectrum” and not a spectrum averaged
over many distinct nuclei. In each of these cases, the physically motivated averaging procedure agrees with data. In
the case of disordered systems, the ergodicity hypothesis is a crucial ingredient necessary for the comparison of theory
and experiment. Due to the similarities of all three systems, e.g. with respect to spectral statistics, it is important
to understand if disordered systems can show non-ergodic properties or if, on the other the hand, TBRE and lattice
QCD theory are in reality ergodic. Our analysis indicates the latter and suggests that apparent differences between
spectral and ensemble averaged results have been misinterpreted.
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Using ensemble unfolding, we presented a detailed analysis of the parameter dependence of our model. For a
certain parameter range, spectral correlations are described by RMT; outside this range, fluctuations are stronger.
The dependence of this critical energy scale on the model parameters can be understood from viewing the model
as a multi-dimensional disordered system on a random lattice with fixed disorder strength. Results obtained from a
self-unfolding of the spectra do not agree with the results of ensemble unfolding. There is also a strong dependence
on the parameters of the self-unfolding procedure, i.e. the length of the unfolding interval. Changes of this length
can alter the critical energy obtained with ensemble unfolding. Indeed, this length can even be chosen to reinstate
virtually perfect agreement with the spectral correlations of random matrix theory.
The observed differences between the results of ensemble and spectral unfolding have been shown to be a result
of the collective motion of large numbers of eigenvalues. Such differences are intrinsic to systems lacking scale
invariance, for which correlations change from RMT to Poisson on some scale. Ensemble unfolding includes the effects
of fluctuations on all scales. Self-unfolding necessarily eliminates the effects of “soft”, long wave length fluctuations,
whose contributions to the asymptotic number variance would otherwise be dominant. We have shown that the results
of self-unfolding are likely to be closer to those of RMT and are likely to differ from the results of ensemble unfolding.
Spectral ergodicity is not broken. Rather, the two approaches probe different scales of the spectrum.
The normal modes of the random matrix proved to be a convenient tool for the investigation of spectral correlations.
They describe the fluctuations of the eigenvalues around their average positions and can be understood approximately
as compressional waves. Our analysis shows that the normal modes are well described as plane waves, independent
of the parameters of our model. Their dispersion relation, however, is sensitive to the choice of parameters. Spectral
correlations are therefore largely determined by dispersion relation, as indicated by the explicit expression for the
number variance given above. The presence of a clear scale dependence in the dispersion relation for sparse random
matrices was sufficient to provide a qualitative explanation of the apparent violation of spectral ergodicity in this
problem. This example serves a striking reminder that the unfolding procedure, usually regarded as technically
difficult and uninteresting, can have important physical content. An appropriate unfolding procedure should reflect
the spectral scale which is relevant for the physical properties in question. This scale is not always apparent given
the usual ad hoc treatment of unfolding. The normal modes permit a more systematic formulation of this problem.
Given the similarities between disordered systems and the sparse random matrices considered here and the matrices
appropriate for disordered systems, it would be of interest to perform a normal mode analysis appropriate for this case
as well. A scale invariant dispersion relation could provide strong confirmation of spectral ergodicity in disordered
systems; the presence of a scale could indicate interesting new lines of experimental investigation.
ACKNOWLEDGMENTS
We are grateful to acknowledge discussions with T. Seligman and T. Papenbrock.
[1] T.A. Brody, J. Flores, J.B. French, P.A. Mello, A. Pandey, and S.S.M. Wong, Rev. Mod. Phys. 53 (1981) 385.
[2] T. Guhr, A. Mu¨ller-Groeling, and H.A. Weidenmu¨ller, Phys. Rep. 299 (1998) 189.
[3] Z. Pluhar and H.A. Weidenmu¨ller, Phys. Rev. Lett. 84 (2000) 2833.
[4] J.B. French, P.A. Mello, and A. Pandey, Phys. Lett. B 80 (1978) 17.
[5] P.A. Lee, A.D. Stone, and H. Fukuyama, Phys. Rev. B 35 (1987) 1039.
[6] Y.V. Fyodorov and A.D. Mirlin, J. Phys. A 24 (1991) 2219.
[7] Y.V. Fyodorov and A.D. Mirlin, Phys. Rev. Lett. 67 (1991) 2405.
[8] Y.V. Fyodorov and A.D. Mirlin, Phys. Rev. Lett. 69 (1992) 1093.
[9] Y.V. Fyodorov and A.D. Mirlin, Phys. Rev. Lett. 71 (1993) 412.
[10] D.J. Thouless, Phys. Rep. 13 (1974) 93.
[11] D.J. Thouless, J. Phys. C 8 (1975) 1803.
[12] D.J. Thouless, Phys. Rev. Lett. 39 (1977) 1167.
[13] O. Bohigas and J. Flores; Phys. Lett. 34 B (1971) 261.
[14] J.B. French and S.S.M. Wong; Phys. Lett. 35 B (1971) 5.
[15] J. Flores, M. Horoi, M. Mueller, and T.H. Seligman, cond-mat/0006144.
[16] T. Guhr, J.-Z. Ma, S. Meyer, and T. Wilke, Phys. Rev. D 59 (1999) 054501.
[17] R.A. Janik, M.A. Nowak, G. Papp, and I. Zahed, Phys. Rev. Lett. 81 (1998) 264.
21
[18] J.C. Osborn and J.J.M. Verbaarschot, Phys. Rev. Lett. 81 (1998) 268.
[19] J.C. Osborn and J.J.M. Verbaarschot, Nucl. Phys. B 525 (1998) 738.
[20] M.E. Berbenni-Bitsch, M. Go¨ckeler, T. Guhr, A.D. Jackson, J.-Z. Ma, S. Meyer, A. Scha¨fer, H.A. Weidenmu¨ller, T. Wettig,
and T. Wilke, Phys. Lett. B 438 (1998) 14.
[21] T. Guhr, T. Wilke, and H.A. Weidenmu¨ller, hep-th/9910107.
[22] J.B. French, Rev. Mex. Phys. 22 (1973), 221.
[23] A. Andersen, A.D. Jackson, and H.J. Pedersen, Nucl. Phys. A 650 (1999) 213.
[24] A.J. McKane and M. Stone, Ann. Phys. 131 (1981) 36.
[25] P.W. Anderson, Phys. Rev. 109 (1958) 1492.
[26] N.F. Mott and W.D. Twose, Adv. Phys. 10 (1961) 107.
[27] A.D. Mirlin and Y.V Fyodorov, J. Phys. A 24 (1991) 2273.
[28] A. Khorunzhy and G.J. Rodgers, J. Math. Phys. 38 (1997) 3300.
[29] L. Kaplan and T. Papenbrock, Phys. Rev. Lett. 84 (2000) 4553.
[30] K.K. Mon and J.B. French, Ann. Phys. 95 (1975) 90.
[31] B.I. Shklovskii, B. Shapiro, B.R. Sears, P. Lambrianides, and H.B. Shore, Phys. Rev. B 47 (1993) 11487.
22
